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Administrivia

® Thursday office hours on Tuesday.
® You can use any language you want.
® Java, Scala and Scheme supported.

® May need to know C++ for LLVM.




A-calculus

Makes many equations easier to manipulate.
Turns math into a programming language.
Simplifies common programming problems.

Forms basis for mathematical semantics.
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History

1928: Alonzo Church invents A-calculus.
1935: Alan Turing invents Turing Machine.
1936: A-calculus equals Turing Machine.
1958: John McCarthy creates first Lisp.




Lambda Calculus

® Syntax: Notation for anonymous functions.

® Semantics: Capable of universal computation.




Three expressions

[reference]

[anonymous function]

[application]




Notation

fx) = fx=(fx) = (Hx)
=f.X=fX




By example

o flx) =2
® f= Ax.x?2
® f(3)=9
e \xx?)(3) =9




Evaluating expressions

(Av.body) arg = body, where v = arg




More examples

o \xx+ 10)(3) = I3

* (Mf(x)(g) = g(x)
* (MAxf(x)(g)(3) = g(3)




More examples

o AFAAX)Axx + 10)(3) = 13




Regular calculus




Scheme

® v=V
® Av.e = (lambda (v) e)
® fle) = (f e)




From math to

programming




Multiple arguments

FiXXY =27

. X->Y—>2Z

f¢ =Xz Ny.f(z,y)







Church’s trick

Encode data according to how it’s used.




Lists

nil = Ae.\l.e(void).

cons = Aa.\b.\e.Al.(l ab).

nil — €,

match (e) { = e (A().e.) (Aa.\b.ep).

consab ¢

(e1,€9,...,6,) =cons e (cons e, (... (cons e, nil)...)).




Numerals

n® = A 2. f"(2).

zero = \f.\z.z.

en +1=AfAz.fle, [ 2).

en +em = Af Az (en [ (en f2)).

em X €, = AfAz.(en (e, f) 2).




Let-binding

let v =¢, in e, = (Av.eyp) €.




Recursion



Non-termination

What happens when we evaluate!

Q =( M.(h h))(Ah.(h R))




Recursion

Self-reference is the essence of recursion.




U Combinator




Factorial

facty = UAhAnIf (n <0) then 1 elsen x (h h)(n —1))




A little more elegance




Fixed points

If x = f(x), then the point x is
a fixed point of the function f.




Algebra

® x = x2 - | is a recursive definition of x
® |f f(v) =v-- |, then x = f(x).

® Solutions are the fixed points of f.




f(x)









Factorial again




Factorial again

fact(n) = if (n < 0) then 1 else n x fact(n — 1)




Factorial again

fact(n) = if (n <0) then 1 else n x fact(n — 1)
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fact(n) = if (n <0) then 1 else n x fact(n — 1)
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Factorial again

fact(n) = if (n <0) then 1 else n x fact(n — 1)
fact = An.if (n < 0) then 1 else n x fact(n — 1)

fact = F(fact)

F(f)=Mn.if (n <0) then 1elsen x f(n—1)




Fixed-point finder

® We want function Y that finds fixed points
® Technically, Y(F) = x, such that F(x) = x.
® Start off derivation with Y(F) = F(Y(F)).




Solving for Y




Solving for Y




Solving for Y

Y = \F.F(Y(F))

Y = UMNAF.F((h h)(F)))




Solving for Y

Y = \F.F(Y(F))

Y = UMNAF.F((h h)(F)))

Does this work!?




Solving for Y
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Solving for Y

Y(F)=F(Y(F))
Y = \F.F(Y(F))
Y = A\F.F(Oz.(Y (F)(2)))




Solving for Y

Y = \F.F(Y(F))
Y = A\F.F(Oz.(Y (F)(2)))

Y = UMAF.F(Az.((h h)(F)(x))))




Y = VL AFFOz.((h ) (F) (@) ORAE.EOx.((h h)(F)(2))))
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fact = F(fact)

F(f)=Mn.if (n <0) then 1elsen x f(n —1)




Factorial again

fact = F(fact)
F(f)=Mn.if (n <0) then 1elsen x f(n —1)
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Factorial again

fact = F(fact)
F(f)=Mn.if (n <0) then 1elsen x f(n —1)
fact =Y (F')

fact =Y (Af.An.if (n < 0) then 1 elsen x f(n — 1))




